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if  and  only  if,  N  has  the  Ccneraliz  I  Polya-Kggrnbergor  riluif ion. 

generalizes  the  corresponding  result  for  the  Quasi-Rinonn' •■>  1  d.int.i-..'  model 

the  generalized  Poisson  distribution.  Finally,  some  interesting  ldcnriti 

are  obtained  using  the  independence  property  and  the  cowr-'antr  formulas 

between  the  numbers  N.  and  N„. 

A  R 


. .  tf/vCctfSS/r'/sd 


Al’STP.AOT 


In  the:  present  paper,  certain  r.’indnm  damane  nrw'pls  are  exam.  jned ,  such 

as  the  General  in  ccl  Markov-Tolya  and  the  nuns  i-r.  uvni  il,  in  :hirh  an  interior- 

valued  random  variable  N  is  reduced  to  y.  .  if  jj  in  flip  missing  part,  where 

N  =  N,  +  N_ ,  the  covariance  between  N  and  H  is  obtained  for  some  rrnrral 
All  A  P. 

classes  of  distributions,  such  as  the  C.P.G.P.  and  M.r.S.D.  for  the  nndon 
variable  N.  A  characterization  theorem  is  proved  that  under  the  general  iced 
MnrUov-Po lya  damage  model,  the  random  variable*--  u  and  :i  are  -udopr-ndent  if. 
and  only  if,  N  lias  the  Generalized  p<->1  ya-Eggenbi-rgor  d  i  s’ r  i  bn  t  i ->n  .  Ib.it; 
generalizes  the  corresponding  result  for  the  Guar  i -!’■  in  on  ia  I  earing  t  model  and 
the  generalized  Poisson  distribution.  final 1v.  info-e  -.!•  ing  .ident.it  i.es 

are  obtained  using  the  independenee  propert  y  an-’,  m,,.  «-pv  ipa.-*’  fprmu’ar  be- 

..  ,  v 

tween  the  numbers  X.  and  N  . 

A  It 
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1.  IMTROPUCTTOH 

Let  the  integer-valued  random  variable  H  denote  the.  s'?,r  of  a  family, 

which  produces  two  types  of  children,  say  boy;;  and  girls,  ror  simplicity, 

with  probabilities  p  and  q,  where  p  +  q  -  1.  Let  N  and  denote  the. 

numbers  of  boys  and  girls,  respectively,  where  M  =  !I  -»•  N  .  If  the  accent 

is  on  the  number  N. ,  we  say  that  M  is  reduced  t  o  H  by  means  of  the  binomial 
A  A 

damage  model 

P(Na  =  k| N  «  n)  «  (,k^pkqn_k,  k  -  0,  1,  ?., _ n. 

It  is  well  known  that  the  number's  M  and  M  are  independent  if,  and  only 
if,  N  has  the  Poisson  distribution.  Covariance  formulas  between  U  and  have 
been  obtained  by  Raja  Rao  et  n_j  (1.9151  and  Kiln  Rao  flip'll  for  some  general 
classes  of  distributions  of  N,  such  as  the  O.P.S.P.  and  the  M.P.S.P.  of  Gupta 
(3974) ,  These  classes  include  many  of  J ho  standard  discrete  distributions. 


generalised  distr ihutions,  such  as  the  General ized  Poisson,  Negative  Bi¬ 


nomial  and  the  Logarithmic  Series  distributions. 

In  the  present  paper,  the  Centralized  Markov-Polya  and  the  Ouasi- 

Binomial  random  damage  models  arc  <1  i  scnusrd .  Covariance  formulas  for  the 

numbers  N.  and  N„  are  obtained  for  the  C.l’.S.JL  and  N.P.S.D.  classes  of 
A  B 

t 

distributions.  A  characterization  theorem  is  proved  for  the  Generalized 

Markov-Polya  damage  model,  which  says  that  and  N^  are  independent  if, 

and  only  if,  N  has  the  Generalized  Pol yn-Kggonbrrger  d’str  Unit.  ion.  This 

icsult  generalizes  Consul's  (1975)  cliaracter izat ion  of  the  Generalized 

Poisson  distribution  for  the  Quasi-Binomial  damage  model. 

These  characterization  theorem.*;  together  with  the  revar  ?an.:e  formulas 

[•or  the  numbers  N.  and  N_  load  to  some  intere*  f  >ng  iden*.  it  i*  s.  Thes« 

A  n 

identities  involve  the  expectations  of  the  sum  of  .1  random  number  of 
functions  of  the  random  variable  N,  where  N  lias  the  Generalized  Pol.yn- 
Eggcnberger  or  the  Generalized  Poisson  distribution. 

2.  A  GENERAL  COVARIANCE  H'l'MItEA 

Theorem  (2.1):  Suppo.se  that  an  obsei  vat  ion  N  is  reduced  to  N  4  according  to 
some  random  damage  model  such  t  hat. 

K(NA|N)  =  Np,  o  <  p  <  1  . .  .  (?  ,i > 

Further,  let  N  +  N  “  N.  Then  the  covn  iinoe  v<  .--n  1 1.<>  two  random 
A  B 

variables  N^  and  is  given  by  the  ego  it  inn 
Cov(Na,Nr)  »  p  V  (N)  -  V  (Ha)  - (?.?) 


Proof :  From  equation  (2.1)  we  get 
F,(Na)  =  E  {E(NA|N) }  »  F.(N)p 

similarly  E(N^)’5  E(M)  q,  where  p  +  q  =  1.  To  find  the  variance  of  N  ,  we  use 

a  result  from  Chians  (1968) : 

V(N  )  =  V  (E(nJn)}  +  E  {  V(N  111)) 

A  A  A 

=  p2  V(M)  +  E  {VOlJri)}  ....(213) 

Similarly 

Cov(Na,Nb)  =  Cov  (E(Na|n),  K(N  In)}  +  F.{Cov(N  ,NR)  |n) 

-  pq  V(N)  4-  E  {Cov(N  ,  N  )  |m)  - (2.4) 

A  15 

Consider  now 

Cov(NA,y|N  =  f.(na,nb|n)  -  i:(NA|M)E(NB|:;) 

«  E(NA(N-N  )  I  Ml  -  N "'pq 
=  N?p  -  F.(N2|n)  -  N?t.q 
"  N2p  -  {V(N  |N)  I-  rK(N  |N)1S>  -f!?pq 

-  -  V(N  |N)  ...  (?.r) 

Using  equation  (2.5)  in  (2.4),  wo  get 

Cov(NA,NR)  -  pq  V(N)  -  E{V(N  |N)}. 

An  alternative  formula  is 

C°v(W  «=  p  V(N)  -  V(H  ), 
which  proves  the  theorem. 

Observe  that  no  special  random  damage  made]  has  boon  assumed,  except 
that  equation  (2.1)  holds,  namely,  F.(M  .  |t.’)  -  Mp.  Thin  is  a  very  general 
model.  Further,  the  distribution  of  '1  is  also  left  unspecified. 


The  following  theorems  are  easily  proved. 

Theorem  (2.2)  :  Let  the  r.v.  N  have  a  Generalized  rower  Series  Distribution 
(G.P.S.D.)  with  the  series  function  f  (0),  namely, 

0° 

P(N=n)  =  a  77TT-  ,  0  >  0,  n  e  T,  f(0)  >  0,  a  '0 

n  t  i  ft )  n 

where  T  is  a  subset  of  the  set  of  positive  integers.  Then,  under  the  binomial 
damage  model,  (Raja  Rao  al,  1973) 

Cov(tVV  =  log  f  . (2-3) 

It  follows  that 

Cov(N^,N^)  <  0  according  as  log  f  (0) is  Convex  or  Concave  in  G. 

This  theorem  includes  many  of  the  standard  discrete  distributions. 

For  Fisher's  Logarithmic  Series  Distribution,  we  get 

f(0)  =  -  log  (1-0)  and  Cov(N^,N^)  <0  if  0  >  0.03?. 

Theorem  (?.,3):  Let  the  r.v.  M  have  a  Modified  Tower  Series  Distribution  (M.P.S.D. 
with  the  probability  function 

P(N=n)  =  ari{g(0)}n/f  (0)  ,  a  >  0,  g(0)  :•  0,  f(0)  -  n,  n  t  T. 

Let  the  damage  model  he  binomial,  as  before.  Then  (Raja  Rao,  1°81.) 

p 

Cov(N  ,N  )  -  pq  {g(0))?  -vr  lop  f(0)  . (2.0) 

A  n  dg‘  (0) 

The  M.P.S.D.  class  includes  the  l.r.grangian  (or  General ized)  Poisson 
distribution,  the  Generalized  Negative  Binomial  distribution  and  the 
Generalized  logarithmic  Series  Distribution  .  and  thrir  truncated  forms, 


among  others. 


-0- 


Theorem  (2.3)  shows  that  if  g(0)  is  an  increasing  function  of  0,  then 

and  h’R  are  positively  or  negatively  correlated  if  the  function  log  f(0) 

is  convex  or  concave  with  respect  to  g(0)  . 

In  the  next  section,  we  introduce  the  Generalized  Mnrkov-Tolya  damage 

model  and  obtain  covariance  formulas  for  N  and  N  . 

A  B 


3.  THE  GENERALIZED  MARKOV-POLYA  DAMAGE  MODEL  AND  ITS  SPECIAL  CASES 

Def init ion(3 . 1) :  A  r.v.  N  is  reduced  to  N.  hv  the  Generalized  Markov-Polva 
-  A 

Damage  Model  if  the  conditional  distribution  of  given  K=n  is  given  by 


F(N  =x  |  N=n)  =  /"\  — — 

A  (  x)  a  +  b  a  +  xt. 


(  >'• ,  c )  (n-x  ,c.) 

xt)  (b  4-  n^xt)  (a  4  b  4  nt) 


(!>  4  b“xt)  (a  4  b  4  nt) 

ii  a  >  0,  b  >  0,  0  S  t  <1,  c  4  0,  x  0,1,2, .. .n,  (dnnnrden) ,  1977).  Here 


(n ,  c)  .  .  .  ( 3 . 1) 


*=  a  (a+c)  (a42c)  (a43c)  . .  .  (a  4  x_]  c)  . 
(0 

(x,-l)._  (x) 


„  ,  (0,1)  .  (x,0)  x 

For  example,  a  =1,  a  -a 


a'  ’  '  -  a'”'  -  a(a-l)(a-2)  ....  (a-x4  \ ) 

a(x’D  =  aW  =  a(a4l )  (».+2)  - 

(a+b)(x'c)  -  aX(l  +-b-)(x»c/a)  etc. 

a 

A  convenient  and  simple  form  of  equation  (3.1)  is  obtained  by  letting 


p  ■  a/ (a+b) ,  q  =  b/(atb). 


t / (a 4b) , 


c./  (a4h) 


Then  the  Generalized  Markov-Polya  damage  nu>dol  i 


P(Na 


x| N=n) 


=Mpq  a+nO)( 

\x/^‘  p+xO  (q-uT-xO)  (1+nG)  * 


where  0<p<l,  0<q<l, 


OfO<l,  <40,  p+q=  .1 


(3.2) 


This  model  contains  several  distributions  as  special  cases.  For  instance, 

(i)  9=0  and  <j>=0  gives  the  binomial, 

(ii)  <J=0  gives 

P<MA-»|K-n)  -(")  3«(|,'")  V>; 

Vl-°> 

X  ^  1 

where  B^(p,9)  =  p(p+x9)  .  This  is  the  Quasi-Binomial  distribution. 

Because  of  its  importance  in  the  sequel,  we  define  this  distribution  as 
follows : 

Definition  (3.2)  A  discrete  r.v.  N  is  reduced  to  hv  r  be  Quas i -Binomial 
-  A 

damage  model  if  the  Conditional  distribution  of  b,  given  b-n  is  given  by 


P(N  =x 
A 


/  ,  „  \X— 1 

1^-v  — 1 

|  NT=n)  =  f  n  )  TP^r- 
v  x  '  1+nO 

(z±"  r*y.\  " 

\  1+nO J 

A  1  !-lV‘<  j 

(3.3) 


where  p+q  =1,  p  i  0,  0  <  1  and  x  =  0, i , 2 , . . . .n ,  This  reduces  to  the 

binomial  damage  model  if  0=0. 

(iii)  0=0  gives  the  Markov -Poly a  dir.tr  ibut  ion. 


x-1  n-x-1 

P(N  =x|N=n)  =  (  n  ]  II  (p+H)  if  (q+J-ff 

VX  j=0  '  j=0 


n-1 

n  ( l  +j  i ) 

j  -  o 


(iv)  <J> = — 1  gives  the  Quasi-llyporgoomet  ric  distrihut  ion. 


P (N^=x | N=n) 


H  (p,0)  !I  (q,0) 
x  n-x 


H 

n 


O  ,0) 


where 


11  (p .  0)  =  - - 

x'p'  p  +  xO 


t 


p  +  x9 

X 


(v)  4'--l  and  0-0  gives  the.  hypergeomet r  ic  distribution. 

(vi)  <Ji=fl  gives  the  Quasi-negative  hypergeometric  distribution. 

(vii)  0=1,  $ — 1  or  0  =  0,  •1=1  gives  the  negative  hypergeomet r ic  or  (the 
beta-binomial)  d  i.stribution . 


A.  THE  GENERALIZED  POLYA  - EGG  ENB K RG E R  PISTE.  TiViTTnii  ADD  IT?  SPECIAL  CASES 

Def inlt ion  (A.l):  A  random  variable  N  is  said  to  have  the  Generalised  Polya- 

Eggenberger  distribution,  if  its  probabil  i r  y  funrt  ion  is  given  by  ( Janardan , 

p-t-uO 


197  3) 


p(,"">  "  i;;ro 


(plnl)<"-*)  ,'"(1  ) 


.  .  .  (A.l) 


when  0$0<1,  1^0,  n=  0,1,7. ,  .... 


Some  special  cases  of  this  distribution  are  the  following: 

( i)  0=0  gives  the  Polya -Eggcnbers’.ci  distribut  ion  (i.e.,  the  negative  bi¬ 


nomial  distribution  with  p-l-F  and  yp/t.) 


(ii)  cf>=  1  gives  the  generalized  negative  binomial  distribution 


P(N=n) 


(PinO)(n’l)  ?n(i-f)p+n° 


p+nO 


,  0<0<1. 


where  g(B) 


r  (pin  (0+1)) 


r  (p+n9+l ) 


BCl-il)0 ,  f(p)  =  (1-B)  P 


r?(w) 


0-,n 

i 


o 


-p 


C i ii)  In  the  Generalized  Polya-bggenborger  distribution,  if  ve  take 
0  pB 

—  =  \  and  let  <i>  -»■  0  such  that  M,  it  can  be  shown  that  the.  resulting 

P  * 

distribution  is  the  Generalized  Poisson  distribution.  V.’o  define  this 
distribution  for  easy  reference. 

Definition  (4.?.):  A  discrete  r.v.  tf  is  said  to  have  the  Generalized 

Poisson  (or  Lagrangian  Poisson)  distribution  if  its  probability  function 

is  —  M( 1 +x\) 

P(M=x)  =  M*  (l+xX)X*1  ,  *=0,1,2 .  ...(4.7) 

where  M>0,  0^1<M 


The  Generalized  Poisson  distribution  is  also  a  limiting  form  of  the 
Quasi-Binomial  distribution  if  p  and  0  are  very  small  while  n  is  large 
such  that  np  and  nO  are  constant. 


Theorem  (5.1) 
Markov-Polya 
t ion  (3.2)  . 


5.  A  CFIARACTKRT7.  ATT Oa  Tit R ORK’i 


;  Let  a  r.v.  M  he  redurrd  to  >;  hv  Vi.*aii:-  o 
random  damage  model  K(k  | it)  P(’i  “  k  *  ”~n) 


t.et  Nr  = 


M  .  Th'-n  the  t'.ind'V  .  v.o  inM. 

A 


the  Generalized 
liven  by  cgua- 
tnd  i:B 


N 


arc 


- ,  I) 


independent  if,  and  only  if,  the  r.v,  N  has  the  Generalized  Po! ya-Kggenberger 

distribution . 

Proof :  Necessity  follows  easily  since  the  damage  model  is  Generalized  Markov- 
Polya,  we  get  the  conditional  probability 

(p+kO)(k'’)  (qd^n)(n‘k-l)  (1+nfl) 

(p+kO)  (  (q+n-k'l)  (l-*nO)^n’'^ 

This  gives  the  unconditional  probability 

P(N.-=k,  N  ~n-k)  =  P(N  =k,  N  =  n-k|M=-n)  •  P(N-n) 

A  B  A  b 


p(NA=k,  N  -n-k|N=n)  =  (£} 


If  N  has  the  Generalized  Polya-Eggcnbergor  distribution  with  parameters  (1,  0, 
<J>,  B)  it  is  clear  that  P(NA=k,  Nf?=n-k')  is  f  actor  izabl  e ,  showing  t  hat  ?:^  an<1  -:R 
are  independent. 

To  prove  sufficiency,  let  11  and  ?!  ho  independent .  lvnot.r  -  v("~r). 
Then  following  Kruskal’s  (1960)  approach,  we  have 
(1+u+vO)  (u-!  v)  ! 


H 


u+v  (i+t^;o)(u-,v’-) 


=  r  00 


for  some  functions  f(-)  and  g  (•)• 
there  is  a  positive  probability  that 
function  h(-)  such  that 


•  g  (v)  .  .  .  (5.?) 

No  i  t  hr  r  flat  nor  g  (  0) 

N  -  0  and  that  i:„50. 

A  B 


ran  1 o  zeto,  for 
Thus  there  is  a 


f(u)  g(v)  =  h(u+v)  .  .  .  (5.3) 

for  some  non-negative  integers.  This  is  the  Cauchv  functional  equation, 
whose  non-trivial  solution  is 

f (u)  =  a  eXu  ,  g(v)  =  a'  c*V 


so  that  from  cq  (5.3) 


(1+  u+v  0)  (u+v)  ! 
lu+v  (i+  Ti+v"  o)  (u+v> -  ) 


/  A(u-lv) 
=  one 


or 


(l+n0) 


C  n ,  <{■ ) 


n  = 

n 


An 


(1+nO) 


„  ,  X  6(1-3) 

Setting  e  =  - - - 


0/+ 


and  using  the  (art  that  !'  '!  ■  1  .  v;o  get 

n 


1/«J> 


a  a  c  ( 1— S)  .  Therefore  N  has  the  Generalized  Pol  va-Fpgenborger  dis¬ 

tribution  with  parameters  (1,  0,  <t>,  6). 


Remark;  It  is  seen  from  Theorem  (5.1)  that  the  numbers  and  N',,  have 
independent  Generalized  Polya-Fggenberger  d  istr  ibut  ienr  with  probability 

functions 


and 


P(N  =x)  =  - 

A  p+x0 


P(NB  =  y) 


(  pd*X  0  ) 


(xtO 


p  !  v  0 

(l-d) 


r 


( V  -*) 

(q+>‘0)  •  ’  '  ; 


6y(l-E) 


q+y0 


y! 


6.  COVARIANCE  BETWEEN  THE  NUMBERS  a.  and  N 

A  H 

Theorem  (6.1):  Let  the  r.v.N  have  any  discrete  distribution.  Further  suppose 
that  the  r.v.N  is  reduced  to  by  the  Generalized  Markov -Polya  damage  model, 
given  by  (3.1).  Tf  N  N  =  M,  the  covariance  between  "  and  N  is  given  by 

cquat ion  (6.5)  . 

Proof:  Observe  that  in  the  General  i  red  Ka  i  lov-l’n  1  va  damage  model,  we  do  have 

E(nJn)  =  N  *=  tip,  so  that  Theorem  (?.!)  apnlies.  This  gives 
A'  a+b 


Cov(N  ,N  )  =  nV(N)  -  V(K. )  *  pqV(N’)  -  V.  fV(N.|N)) 
Ad  A  A 


.  (5.]) 


Also  from  Janardan  and  Schaeffer  (1977)  we  know  that 


V(N  |N)  = 


ab 


a+b 


N-l 

~  X 


a+b  j=0  (.•»+- li+Nt  4-Ti — j -4  1  c) 


(.;  M  ,c) 


.,2 

N  pq  -  pq  5. 


N-l  (a+b)  N^+?^  (t+c)’ 


.  .  .  (6. 2) 


j  =0  (a+b+Nt+N-j  +  1.  c) 


(j  +  1  ,cl 


Defining  0  =  — —g  and  =  the  denominator  of  the  jth  term  may  be 

written  as 

(a+b+N  t+N-j  +  3  c)(j+l,c)  =  <a+bVi+l  (  1  I  ‘  i  0  >  d  -  j  I  I  +  .  .  .  (6.3) 


This  gives  from  equation  (6.2) 

N-l 

V ( N  j  N)  =  N2  pq  -  pq  )\ 

j-0 


N*-^'  1  ( A+v)  • 


(  l  INS  I-  j 


i  +  i  1 ,:) 


.  .  .  (6.6) 


Substituting  eq  (6.6)  in  eq  (6.1),  we  ohtaii 


Cov (N  ,N  )  -  pq  { V ( N )  -  r(N')  >  r 

A 


i 


j  j  (  1 -  l  7 )  .1 

i  :1-;> 


j  -  0  (11  i  fi-j  M.  i  ) 


i.e. , 


N-l  N  J  (0+1) 


Cov(NA,NJ})  »  pq  (F.  T. 


j-0  (1+N6-I 


I/'  (N) )  .  .  .  (6.5) 


Remarks :  (1)  An  important  special  ease  oeeurs  •..leu  we  take  e:-,‘  0,  which  is 
equivalent  to  taking  t-c-Q  in  the  General  i;:e<l  Na  t  1  -Pol  yi  damage  model,  which 


reduces  to  the  binomial  damage  model  ami  give; 


Cov(W 


pq  ( V ( N ) 


E(*0  ‘  , 


as  in  Raja  Rao  ct  a]  (1973). 

2)  Another  important  case  is  '•■•hen  the  r.v . lias  the  M'd:ried  Fever  Series 
distribution  with,  p .  f.  as  in  Theorem  <'7.3).  ‘-’inre 


E(N) 


f’(0)  p,(0) 

g’CO  f  (9) 


cq  (6.5)  gives 


Cov(Na>K3) 


N-l 

pq  (E  E 
J  =  0 


lj(j  +2) 


(1+N0+  N-j-t-l  f) 


(.1+1,1) 


f(0)  g(d) 


g’(0)  f(0 


where  the  expectation  is  taken  v.'.r.t.  the  M.P.S.n.  Tic  cor  respond  i.-ig  results 
for  the  Generalised  poisson,  Generalised  N.-g.v  i->,.  a  ,  n~  •;  .>  1  and  Go  Generalized 
Logar  itlim  ic  Series  Distributions  are  oh*  a  ioe  1  hy  rah  nh'v  chons  in.-,  the  functions 
f(0)  and  g(fl)  . 

M  -  m 

For  the  General  ixed  Po  i ssen ,  f  CD  "  e  and  g(V)  :  M  e  .  Vie  get 

(  i  *  p 

N-l  ir  "■  (ruiv1  M ' 


Cov<ka,\> 


pq  f  e  " 


(MG  ' 


.  -  (  f' .  7  ) 


For  the  Generalised  Negative  binomial. 


=  ( 1  -  ) 1  and  g(p) 


SO-') 


0 


This  gives 
c°v(Na,Mb) 


f  N:]  n(j+?)  cm  D1 

pq{  h  -.  - "-“-  7)7,70 

j-0  (lf.-'i  jM  ■) 


_ 

'  i . ; r i ■  ) !r 


.  .  (6.8) 


3).  An  interesting  ease  occurs  wl.cn  the  r.v.N  hi'  t  i  i.  •  General  i  :•  «*d  I'nlv.i- 


Fggenberger  distribution,  as  in  oq  (3.3).  Since  !'(•'')  -  p:J  ,  wo  got 

from  equation  (6.5),  .  Cl - 

N"1  N(j+?)  (O 

Cov(H  ,N  )  ~  pq  (F.  T.  — - -  - r--- - '  .  .  .  (fi.o) 

^"°  (1+K0+  K’-hI 


But  in  Theorem  (5.1)  we  have  proved  that  N ,  and  .ire  in  hpendent  .  This 

l\  W 

gives  an  interesting  identity,  which  wo  summarize  in  the  form  r-f  a  theorem. 


Theorem  (5.2);  Let  the  r.v.  M  have  the  General  ized  I’alva-  Fggrnbi  rt’er  dis¬ 
tribution  given  by  cq  (4.1).  Then  the  following  idem  i t  y  holds: 


N-l 
E  {  Z 
j  =  0 


j _ 

(1+N0+  ”j+l  <})  ’  ^ 


1  -  (k(::>  V 


: :  ( l 


•1  -e  ■ 


.  .  .  (6.10) 


Obse.rve.  that  in  equation  (6.10),  one  has  on  the  loft.  hand,  side  the  sum 
of  a  random  number  of  functions  of  the  r.v,  S',  and  the  e-pe-tat  ion  is  to  he  taken 
w.r.t.  the.  Generalized  Polya- Fggcnbct r.er  d  i  si  r  i  but  ion  . 


Remark  (1):  As  we  have  mentioned  in  Sort  taking  !  n  in  ;  in-  General  i  <.vl 

Markov-Polya  distribution  gives  the  Quasi- !•  Innmie 1  damage  .a-del  ^definition  (3.3)]. 

0  p 

Using  —  =  X  and  letting  <i>  -v  0  such  that  *-  1  M,  one  obtains  the  Generalized 

Poisson  distribution  from  the  Generalized  Pol yn-Fggenherger  d  i ;  t.  r  that  ion . 

Making  these  parametric,  limiting  operations,  Theorem  (.5.1)  reduces  to  a 
characterization  theorem  concerning  the  Generalized  roi'-.-n  distribution  with 
the  Quasi-Binomial  damage  model.  Tn  this  sens  r,  our  Theorem  i  h  .  1 )  generalizes 
Consul's  (1975)  result. 

Remark  (2):  Tf  we  let  c~0,  i.c.  f-ftf  In  equation  fb.r>),  •■•e  get  the  result: 

N-l  (J+2)  r,1 

Gov(N  N -  n  (k  - - ■  •  •  n’-n) 

A  u  J.-o  (1  trial  (j  1  ) 


L 


for  the  Quas l-R inoini.i  1 


t  1 1 « ■  <1  !  s \  v  ! 1  «m  t  r  -p  of 


moilo  1  ,  vh if  <*v «•:*  !'«' 

Similarly  taking  £“0  in  i^piat  ion  fG.M  yiv  i'ovC  ,••.),  v/in-mn 

A  !  ‘ 

N  has  l ho  M.P.S.D. 

Choosing,  in  particular,  N  to  have  the  'enet  >  1  i .■ » ■  l  rnissrii  dint 
gives, from  equation  (A.lfl),  the  ident  itv 


"-1  N(J+">  n.i  ,r 

f.  {  r.  — — TC\~  1  " 

j-0  (l  i-MO)  -P  U  ( 1  -Mt )  ' 


(f-.lD 


Remark  O)  :  Mnki  n  i;  certain  other  parametric  limit  in,-,  opera:  i  e  v  ■. ,  it 
possible  to  obtain  a  series  of  charact  •r  i/nt  ion  t  hoot  a:  special 

f  ton:  our  Theorem  (  r< .  1  )  .  Some  examples  are  a  f..1  1  »••••;: 

Choosing  1,  one  obtain',  the  qua*  in  •■.•at  ivi  !••}••  r,-.  •  >  '  li- 

from  the  General  i  ?ed  Mar  l  ov-i'ol  va  <  I  .*  r  i'ml  i.a.  '*  :  -  •'  1  >  i  ’  ••  •inr 

get  the  General  I  red  ‘.’egitive  I'ino-.i’!  ■' i  t  ion .  '  h«  -r  •  e  •  •:  »v 

as 

C0RR01.ARY  O)  toJ_l  e>_rem  ( r. .  U  :  l.t  a  V-  .  .  ,  i  ,  „  •;  nv  u  , 

qua  r,  1  -n<  ga  t  i  ve  hvpergenru  '  t  ir  damage  rode'.  •  "  h.  i  • 

variables  '!  and  v  an-  itideiu-ud.  .  ■'  :  '  •  '  .  "  1  t  '  e.i 

A  ;1  ' 

Negative  binomial  dirt,  r  i  hut  ion. 

CORKm.AKV (.2)  l  I.et  a  I'.V.N  I"-  reduced  |  ,»  the  I  •  1 1 -a  1  •  •  I  ‘1  V  a  ,'>•'<  1 1  lint;  !< 

tive  Jiypergeorr.fi  r  ir  (the  bet  a-h  inom  ia1 1  • !  i ;  • .  i  •  "  '.1.  Tin  n  t  !.<•  mu  I 
N|j  are  independent  :f,  and  on  1  v  if,  ”  has  <  h.  •'(  ■•••■  !•  . . .  :  1  .'ir.t 


,-er 

r  i hn  t ion 


i  r. 

ea>.o  s 

■:  r  i hu  t  ion 
‘  •  1  ,  .vo 
hi  :  t  at ed 

nv  of  the 
random 
■  1  !•(  ’ 

i  t  In  iio.vi- 

■  t  ■  '!  and 
r  i  l"i  t  ion  , 


-  1  r;- 
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